Abstract. This paper is part of a program to study the conjecture of E. C. Dade on counting characters in blocks for several finite groups.
Introduction
Let G be a finite group, r a prime and B an r-block. In [7] Dade introduced several conjectures on counting the numbers of ordinary irreducible characters in B with a fixed defect and announced that his final conjecture can be proved by verifying it for all non-abelian finite simple groups. The final conjecture has been verified for 15 sporadic simple groups, the simple Tits group, L 2 (q) and Sz (2 2m+1 ), and for 2 G 2 (3 2m+1 ), G 2 (q) (with q = 3, 4) and 3 D 4 (q) in non-defining characteristics. The ordinary conjecture has been verified by Olsson, Uno and the author for S n , 2 F 4 (2 2m+1 ) in non-defining characteristics, and general linear groups in the defining characteristic. In this paper, we prove the invariant conjecture for a general linear or unitary group G in non-defining characteristics. The reductions used in this paper can also be applied to other classical groups.
In Section 1, we fix some notation, state the invariant conjecture and prove three lemmas. In Section 2, we reduce the family of radical chains to a simple G-invariant subfamily, central radical chains CR (G) . Given an r-block B, in Section 3, we first reduce the family CR(G) to its subfamily consisting of chains whose fixed-point subspace of each non-trivial subgroup has the same dimension as that of a defect group of B, then using the perfect isometries given by Broué, we reduce the final calculation for an r-block to that of the principal block. In the last section, we prove the invariant conjecture for the principal block using results of Fong, Srinivasan [10] and Olsson [12] .
Dade's conjecture and lemmas
Let R be an r-subgroup of a finite group G. Then R is radical if . Given an r-subgroup chain C : P 0 < P 1 < · · · < P w (1.1) of G, define the length |C| = w, C k : P 0 < P 1 < · · · < P k , C(C) = C G (P w ), and
The chain C is said to be radical if it satisfies the following two conditions:
(a) P 0 = O r (G) and (b) P k = O r (N (C k )) for 1 ≤ k ≤ w. Denote by R = R(G) the set of all radical r-chains of G.
Suppose 1 → G → E → E → 1 is an exact sequence, so that E is an extension of G by E. Then E acts on R by conjugation. Given C ∈ R(G) and ξ ∈ Irr(N G (C)), let N E (C) and N E (C, ξ) be the stabilizers of C and the pair (C, ξ) in E, respectively, so that Dade in [7] gives the following conjecture. Let Aut(G) and Out(G) be the automorphism and outer automorphism groups of G, respectively. Then we may suppose E ≤ Out(G).
Let m be a positive integer and a(m) the integer such that r a(m) is the exact power of r dividing m. Set a(G) = a(|G|) when G is a finite group and a(χ) = a(χ (1) ) when χ is a character of G.
Let H = H 1 × H 2 be a direct product of two finite groups H 1 and H 2 , and let π i be the natural projection from H onto H i for i = 1, 2. If C ∈ R(H) is given by (1.1), then each π i (P t ) is a radical subgroup of (a) Suppose X i ⊆ Irr(H i ) for i = 1, 2, and ψ is a defect preserving bijection between X 1 and X 2 . In addition, let K i = H i S(n), and let X i S(n) be the subset of Irr(K i ) consisting of all characters covering a character of (X i ) n , where S(n) is the symmetric group on n letters. Then ψ can be extended to a defect preserving bijection Ψ between X 1 S(n) and X 2 S(n). Moreover, if τ is an automorphism of K i for i = 1, 2 such that (H i ) τ = H i , ψ(η) τ = ψ(η τ ) and y τ = y for each η ∈ X 1 and y ∈ S(n). Then τ is compatible with Ψ, that is,
n and m i is the multiplicity of ξ i in ξ, then m = (m 1 , m 2 , . . . , m k ) is called the type of ξ and ξ has an extensionξ to the stabilizer (H 1 ) n S(m) of ξ in H 1 S(n), where S(m) is the Young subgroup of
, and each character of X 1 S(n) is of this form. Define
where ψ(ξ) is an extension of the character ψ(ξ) ∈ (X 2 ) n whose multiplicity of
consisting of all chains C given above such that R 1 (u) = Y 1 and R 1 (t) = X 1 for s ≤ t ≤ u−1 up to conjugacy in N H (C(0)), so that we may suppose
is a chain of R(B) and
) be a chain given by (1.1), where Y 1 runs over all radical subgroups of N N1 (X 1 ) with
where C(0) runs over R(B) and Y 1 runs over all radical subgroups of N N1 (X 1 ) with
, and there exists the largest integer u = u(C) ≥ 1 such that
) and L(B 2 ), and |ϕ 2 (C)| = |C| − |C(0)|. A similar proof to that of (1.5) shows that
and moreover,
Hypothesis (1B). For a finite group
satisfying the following condition:
There exists a bijection ϕ between the X-invariant subfamilies
Let n be a positive integer, H = X S(n), and let Y = X 1 × X 2 × . . . × X n be the base subgroup of H, where X i is a copy of X. In addition, let π i be the natural projection of Y onto
where π(C) = π 1 (C), viewed as a chain of X. In particular, π is a bijection between
M(H)/H and L(X)/X.
If m = (n 1 , . . . , n t ) is a sequence of positive integers such that |m| = n 1 + n 2 + . . . 
Proof. Suppose R is a radical subgroup of the base subgroup
for some sequence m = (n 1 , . . . , n t ) with |m| = n, where R i = R j for i = j viewed as subgroups of X. Thus
Suppose C ∈ L(m) is given by (1.1), C(i) = π(π ni (C)) for all i, and for some fixed ,
where v = v(C( )). Then each P j has a decomposition
and define
, and since C ∈ L 1 (m), it follows that Q(n 1 ) = P m1+1 , where Q(n 1 ) is given by (1.14). Let
is of the form (1.8), it follows that there is some n i , say n 2 , such that
and Φ n2 (C) is the chain
Suppose b is a block of X with positive defect. For C ∈ R(X), let
Hypothesis (1D). Suppose an X-invariant subfamily Q(X) of R(X) has an Xinvariant decomposition
satisfying the following two conditions:
given by (1.1), there are some maps ϕ such that ϕ(C) ∈ S(X) is given by (1.7) with Q ≤ P v+1 , and
where ϕ runs over the maps with C = ϕ(C). Moreover, there is a defect preserving bijection ψ between Ω C (ϕ) and Ω ϕ(C) (0), and if |C| = 0, then ϕ(C ) = C for a unique chain C ∈ S(X) and map ϕ. 
H is a regular block B of H. Denote by Q(H) the subfamily of R(Y ) consisting of the chains C such that π i (C) ∈ Q(X) for each i ≥ 1, where π i is the natural projection of Y onto its i-th component X i = X.
(1E). In the notation above, suppose Q(X) satisfies Hypothesis
is of the form (1.8) for some sequence m, and
. By induction, we may suppose t = 1, so that n = n 1 . Thus
and the claim holds. In particular,
is H-invariant and the same proof as that of (1C) with some obvious modifications shows that Q 0 (H) = Q 1 (H) ∪ Q 2 (H) satisfies Hypothesis (1B).
Suppose C ∈ Q 1 (H) with N H (C) given by (1.8) and Φ(C) ∈ Q 2 (H) with N H (Φ(C)) given by (1.9). Then C(s) ∈ Q 1 (X) and by Hypothesis (1D), there is a defect preserving bijection ψ between Irr(N X (C(s)), b) and Irr(N X (ϕ(C(s))), b). By (1A) (a) and (1.19), ψ can be extended to a defect preserving bijection Ψ between Irr(N H (C), B) and Irr(N H (Φ(C)), B). Thus Q 0 (H) satisfies Hypothesis (1D) for B, and moreover, if Q(X) is τ -invariant, then so is Q 0 (H). We may suppose (1.20) where I 0 ∪ I 1 is a partition of {1, 2, . . . , t}. By reordering, we may suppose I 0 = {1, 2, . . . , k} and
Thus we may suppose for each i ∈ I 0 , there is some map ϕ such that ϕ(C(i)) = C(i),
For simplicity of notation, we suppose each Irr(
follows that there is a defect preserving bijection between Σ C ( ) + and the disjoint union
and we may identify these two sets. Fix nonnegative integers n ,1 , n ,2 such that n ,1 + n ,2 = n and n ,2 ≥ 1. Define a chain Φ(C) as (1.15) such that
This is possible since ϕ (C( )) = C( ). Thus |Φ(C)|
and by (1A) (a), the bijection ψ between Ω C( ) (ϕ ) and Ω ϕ (C( )) (0) can be extended to a defect preserving bijection Ψ between Ω C (Φ) and Ω Φ(C) (0). Since Ω Φ(C) (0) is also of the form (1.20), it follows by induction on |C| that for each chain C ∈ S(H), Ω C (0) is of the form (1.20) and Irr(N H (C ), B) has a required decomposition.
) and Φ(C ) = C for some C ∈ S(H). In addition, if Q(X) is τ -invariant, then so is Q(H). This completes the proof.
(b) The proof of part (b) follows easily by that of (1A) (b) and part (a) above.
Central radical chains
Let q = p f be a power of a prime p distinct from the odd prime r, = + or −, and let e be the multiplicative order of q modulo r and a = a(q e − ). In addition, let GL (n, q) = GL(n, q) or U(n, q) according to whether = + or −. The radical subgroups of G are classified by [2] and [3] . We shall follow the notation of [2] .
Given integers α ≥ 0 and γ ≥ 0, let Z α be the cyclic group of order r a+α , E γ an extraspecial group of order r 2γ+1 and Z α E γ the central product of Z α and E γ over 
is also determined up to conjugacy. The center Z(R m,α,γ ) is cyclic of order r a+α , so that Ω a (Z(R m,α,γ )) = z , where z is an element of order r a in GL (mer α+γ , q). Moreover,
so that z is a primary element of GL (mer α+γ , q), where a semisimple element is primary if it has a unique elementary divisor. Given H ≤ G = GL (n, q) = GL (V ), let C V (H) and [ V, H ] be the subspaces of V generated by the vectors of V fixed and moved by H, respectively.
Let A(R) be the intersections of all the maximal normal abelian subgroups of an r-subgroup R ≤ G, P (R) = Ω a (A(R)) and M G (R) = O r (N G (P (R))). Then A(R) and P (R) are characteristic subgroups of R, and
If R has a decomposition (2.1), then P (R) will be called the primary subgroup of R and a primary subgroup of G is a primary subgroup of a subgroup R with decomposition (2.1). If Q is a primary subgroup of G, then there exists a corresponding decomposition
where i runs over the indices such that
where t u is the number of basic components R u,0,0 in X(u). Moreover,
where τ u ∈ GL (ue, q) has order e acting as a field automorphism on GL (u, q e ). In the rest of this paper we suppose gcd(r, q − ) = 1, so that O r (G) = 1 V . In particular, r is odd and e ≥ 2.
Suppose r = 3 and O 3 (GL (u, q e )) = GL (u, q e ). Then u = 1, 3 a = p ef − , p ef = 3 a + is even and p = 2. If = +, then ef = 2e 1 is even, 3 a = (2 e1 −1)(2 e1 +1) and so e 1 = 1. Thus e = 2, f = 1 and q = 2. If = − and a = 2a 1 + 1 is odd, then ef = 2e 1 + 1 is odd and
which is impossible, since 2|(3 a1 − 1) and 2|(3 a1 + 1) when a 1 ≥ 1. Similarly, if a = 2a 1 , then (3 a1 − 1)(3 a1 + 1) = 2 ef , and since 4 is not a common factor of 3 a1 − 1 and 3 a1 + 1, either 3 a1 − 1 = 2 or 3 a1 + 1 = 2, which is impossible since e ≥ 2 and 3 is not a divisor of q + 1. This implies (2B).
We say that a radical chain
By (2.4) and (2.5), P 1 is a primary subgroup of G and if (q, , r) = (2, +, 3), then by (2B), P k = P (P k ) is a primary subgroup of C G (C k−1 ) for k ≥ 1. A central radical chain C has the following properties:
(a) There exists a decomposition β for all j ≥ 1 and i ≥ 0. In the latter case, (q, , r) = (2, +, 3). Moreover, for each k
We
shall call v = z(C) the size of C. Denote by CR = CR(G) or MR = MR(G) the set of all central radical chains of G according to whether (q, , r) = (2, +, 3) or (q, , r) = (2, +, 3). Then CR and MR are G-invariant subfamilies of R.
Suppose C is central radical with decomposition (2.7). In order to compute N E (C) for an extension E of G, we always suppose σ = σ 0 × σ 1 × . . . × σ v is a field automorphism of G such that each σ i is a field automorphism of GL (U i ) of order f or 2f according to whether = + or −. In addition, suppose ι = ι 0 × ι 1 × . . . × ι v such that each ι i is the inverse-transpose of GL (U i ), so that [ σ i , ι i ] = 1 for all i and ι is a field automorphism of order 2 when = −. We may always suppose E ≤ G σ, ι and Out(G) = σ, ι . For 1 ≤ i ≤ t, let I i be a finite subset of positive integers, n i = {n i,j : j ∈ I i } a set of positive integers, n = {n 1 , n 2 , . . . , n t }, X i = {X i,j : j ∈ I i } and X = {X 1 , X 2 , . . . , X t }, where X i,j is a subgroup of S(n i,j ). In addition, let K be a subgroup of GL (m, q). Then K X 1,j for any j ∈ I 1 is a subgroup of GL (mn 1,j , q).
be the subgroups of GL (m|n 1 |, q) and GL (m|n|, q), respectively, where
Given 1 ≤ i ≤ t and j ∈ I i , let c i,j be a sequence of nonnegative integers, n i,j = r |ci,j | and X i,j a basic subgroup A ci,j of S(r |ci,j | ). We set
where z = {z 1 , z 2 , . . . , z t } such that z i = {c i,j : j ∈ I i }. In particular, R m,α,γ,c = R m,α,γ A z with z = {c}, and if K is an r-subgroup, then so is K A z .
Suppose the chain C given by (2.6) is central radical with decomposition (2.7). Then for 1 ≤ j ≤ w
where P j,0 is the trivial subgroup of GL (C V (P j )) and Q j,k = 1 for 1 ≤ k ≤ i. By the property (f), i ≤ j and by (d), (2.10) where 1 ) is given by (2.4). If w ≥ 2, then by (2.4) (with e = 1),
where |τ i | = e, I 0 and I 0 are sets of some positive integers, and GL (m j , q e ) S(w j ) is defined by (2.8) with K = GL (m j , q e ) and w j = n. 
, and let C be the central radical chain (2.6) with w ≥ 1 and decomposition (2.7).
( 
Proof. (a). Let
and by (2.12) , 
This proves (2C).
Remark. Suppose (q, , r) = (2, +, 3) and C ∈ MR(G) given by (2.6). Let
P (C) : 1 < P (P 1 ) < P (P 2 ) < . .
. < P (P w ) and CR = CR(G) = {P (C) : C ∈ MR(G)}. Then each subgroup of a chain in CR is a primary subgroup of G, the map C → P (C) is a bijection between MR(G)
and CR and by (2.12) , N G (C) = N G (P (C)). Moreover, if E is an extension of G, then
It follows that we can identify C with P (C) and view CR as a subfamily of R.
(2D). Let
Proof. Let M be the complementary G-invariant subfamily R\CR of CR in R. It suffices to show that
Suppose C ∈ M is given by (1.1). Let m = m(C) ≥ 0 be the largest integer such that C m ∈ CR and C m+1 ∈ CR, so that 0 ≤ m ≤ w − 1. Since P m+1 is radical in N (C m ), it follows that P m+1 is quasi-radical, D = M N (Cm) (P m+1 ) is radical in N (C m ), and P m D. Define a map ϕ from M to itself such that
More reductions
Let F = F q be the set of polynomials serving as elementary divisors for all semisimple elements of G = GL (n, q). If G = GL(n, q), then F consists of all monic irreducible polynomials over the field F q of q elements with non-zero roots. Suppose G = U(n, q) and let ∆( ordered pair (s, κ) . Since G G * , we may identify G * with G, so that s ∈ G.
Given C ∈ CR with a final subgroup P w , let C V (C) be the fixed-point subspace C V (P w ) of P w in V . Fix an integer m ≥ 1, suppose V decomposes as (2.7) with dim U 1 = me, and let
, and S(X) the subset of CR(G) consisting of all chains C such that its first non-trivial subgroup is
Proof. Let CR(N X × G(m) ) and CR(N X ) be the subfamilies of R(N X × G(m) ) and R(N X ), respectively consisting of chains C given by (1.1) with P (P i ) = P i for all i ≥ 1. Here we have a similar identification to that in the remark after (2C) when (q, , r) = (2, +, 3). If C ∈ S(X), then C : 1 < P X < P 2 < . . . < P w and ϕ(C) :
and ϕ is a bijection between S(X) and CR(N X × G(m) ).
Let π m and π be the projections of N (P X ) onto N X and G(m) , respectively. (C ) and 
Since σ 1 and ι 1 are field and the inversetranspose maps of GL (V (m)), respectively, we may suppose they stabilize X, so that σ 1 , ι 1 ∈ Aut(N X ). It follows by (1A) (b) that 
In addition, we may suppose 
S(X)
and CR (D(B) ), and B runs over all blocks of G with positive defect. If C ∈ CR * (B), then by (3A), we may suppose C V (C) = C V (D(B) ).
Let χ be an irreducible unipotent character of G = GL (V ) = GL (n, q). If = +, then χ is rational and ι induces the dual map on Irr(G), so that ι stabilizes χ. Similarly, the field automorphism σ also stabilizes χ. If = −, then χ is a linear combination of some R G T (1) with rational coefficients, where each T is a σ-invariant maximal torus of G. So σ also stabilizes χ. In both cases, χ τ = χ for τ ∈ G σ, ι . Suppose χ s,µ is an irreducible character of G labelled by (s, χ µ ), where χ µ is an irreducible unipotent character of C G (s). If τ ∈ σ, ι , then we may suppose τ stabilizes χ µ , χ τ s,µ is labelled by (s τ , χ µ ) and so 
Proof. Let χ sy,µ be an irreducible character of Irr(B) labelled by (sy, χ µ ), where y is an r-element of C G (s). Then y = 1 V0 × y + for some element y + ∈ C G+ (s + ), and sy = Γ (sy) Γ and µ = Γ µ Γ , where µ Γ is a partition of m Γ (sy). Suppose κ Γ and Q(µ Γ ) are the e Γ -core and e Γ -quotient of µ Γ , respectively. Then κ = Γ κ Γ and µ Γ is uniquely determined by κ Γ and Q(µ Γ ). Let (µ Γ ) + be a partition of m Γ (s + y + ) with Q(µ Γ ) as its e Γ -quotient and − as its e Γ -core, and let µ + = Γ (µ Γ ) + . Then the character ξ s+y+,µ+ of G + labelled by (s + y + , χ µ+ ) is a character of Irr(B(+)) and each character of Irr(B(+)) is of this form. Define Ψ(ξ s+y+,µ+ ) = χ sy,µ . By [10, Theorem (7A)], Ψ is a bijection between Irr(B(+)) and Irr(B). In addition, by (3.4) and the hook-length formula [10, (1.15 )], Ψ is defect preserving. If τ = τ 0 × τ + ∈ Out(G) for some τ 0 ∈ Out(GL (V 0 )) and τ + ∈ Out(G + ), then χ τ sy,µ = χ (sy) τ ,µ and ξ
is given by (1.1) with |C| ≥ 1. We may suppose P t = 1 V0 × P + (t) for all t ≥ 1, where
). Since Irr(B(0)) has exactly one character of defect 0, it follows that k(G 0 , B(0), t) = 1 or 0 according to whether t = 0 or t = 0. This and a similar proof to that of (1.5) imply (3.5).
Let B be a block of G = GL (n, q) = GL (V ) with defect group D. By (3B), we may suppose [ V, D ] = V , so that n = ue and B is labelled by (s, −).
We may choose the decomposition such that σ and ι stabilizes each V Γ . Thus σ = Γ σ Γ and ι = Γ ι Γ , where σ Γ and ι Γ induce fields and the inverse-transpose maps on GL (V Γ ), respectively. Suppose U is a subgroup of Out(G) = σ, ι , so that U = x, ρ with x = σ and ρ = ι i for some integers , i ≥ 0. Let
Let π Γ be the natural projection onto V Γ and C ∈ CR * (B). We may suppose D is a Sylow r-subgroup of L and each subgroup of C is a subgroup of D. Thus C is an r-subgroup chain of L. Let Y Γ = {π Γ (P ) : 0 ≤ ≤ w} and relabel the subgroups of
Choose a representative set CR
where both Γ and Γ run over elementary divisors of s, and u Γ runs over nonnegative integers such that 
Suppose B H ∈ Blk(H|B) and B K ∈ Blk(K|B). Then both blocks are labelled by (s, −), and R
By equalities (2.3) and (2.4), ϕ sy,µ and ψ sy,µ have extensions to N N (Q) (ϕ sy,µ ) and N NL(Q) (ψ sy,µ ), and so they have extensions to N G (ϕ sy,µ ) and N L (ψ sy,µ ), respectively. Since σ is a field automorphism and ι is the inverse-transpose map, we may suppose s τ ∈ s and 
be a chain of M with v = v(C), so that P v+1 = Γ (P v+1 ) Γ and Γ (P v ) Γ ≤ P v+1 . Let M 0 and M + be the subfamilies of M consisting of chains C such that
Since gh and hg are identities, it follows that
for all d and U ≤ σ, ι . We may suppose C ∈ M, so that P i = Γ (P i ) Γ for all i. Thus (3C) follows by (3.6) and the same proof as that of (1A) (b) with some obvious modifications.
4. The proof of the invariant conjecture , and each elementary divisor of an r-element is an element of F q (r). Following the notation of [12] , we write
and for i ≥ 1 Proof. We may suppose C = C * . Let K = GL (m j , q e ) and K * = GL (1, q e ) S(m j ). By (4A), there is a defect preserving bijection ψ between Irr(B 0 (K)) and Irr(B 0 (K * )). Let W = K S(w j ) and W * = K * S(w j ). By (1A) (a), there is a defect preserving bijection Ψ between Irr(B 0 (W )) and Irr(B 0 (W * )). Since τ i is a field automorphism of GL (U i ), it follows that we may suppose [ τ i , y ] = 1 for each permutation matrix y ∈ GL (U i ), so that Ψ(χ) τi = Ψ(χ τi ). Conversely, each primary subgroup of G and H with no nonzero fixed-point on the underlying space is determined by a partition of u.
For K ≤ G, we denote by CR
